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THE DEPTH OF A REFLEXIVE POLYTOPE
TAKAYUKI HIBI AND AKIYOSHI TSUCHIYA
ABSTRACT. Given arbitrary integers d and r with d ≥ 4 and 1 ≤ r ≤ d+ 1, a reflexive
polytope P ⊂ Rd of dimension d with depthK[P] = r for which its dual polytope P∨
is normal will be constructed, where K[P] is the toric ring of P .
INTRODUCTION
A lattice polytope is a convex polytope P ⊂ Rd each of whose vertices belongs to Zd .
We say that a lattice polytope P ⊂ Rd of dimension d is reflexive if the origin 0 of Rd
belongs to the interior P \∂P of P and if the dual polytope
P
∨ = {x ∈ Rd : 〈x,y〉 ≤ 1, ∀y ∈P }
of P is a lattice polytope, where 〈x,y〉 is the canonical inner product of Rd . Reflexive
polytopes have been studied by many articles in the frame of algebraic combinatorics
(e.g., [7]), algebraic geometry (e.g., [1]) and Gro¨bner bases (e.g., [8]). Once the dimen-
sion is fixed, there exist only finitely many reflexive polytopes up to unimodular equiva-
lence ([13]). Furthermore, in [11], a complete classification of the reflexive polytopes of
dimension ≤ 4 is achieved. In particular, there are one reflexive polytope in dimension
one, 16 in dimension two, 4319 in dimension three and 473800776 in dimension four.
Let K[t, t−1,s] =K[t1, . . . , td, t
−1
1 , . . . , t
−1
d ,s] denote the Laurent polynomial ring in d+1
variables over a field K. Given a lattice polytope P ⊂ Rd , the toric ring of P is the
subring of K[t, t−1,s] which is generated by those Laurent monomials ta11 · · · t
ad
d
s with
(a1, . . . ,ad) ∈ P ∩Z
d . One has Krull-dimK[P] = dimP + 1. Let depthK[P] denote
the depth of the toric ring K[P]. Please refer the reader to, e.g., [2] for the detailed
information about depth. The topic we are interested in the behavior of depthK[P] of
a reflexive polytope P ⊂ Rd . When a lattice polytope P is reflexive with dimP ≤ 3,
its toric ring K[P] is (normal and) Cohen–Macaulay (e.g., [6, Theorem 3.36]). Hence
depthK[P] = dimP +1.
In general, a lattice polytope P ⊂ Rd is called normal if for each N = 1,2, . . . and
for each a ∈ NP ∩Zd , there exist a1, . . . ,aN ∈ P ∩Z
d with a = a1+ · · ·+ aN , where
NP = {Na ; a ∈P } is the Nth dilation of P . If P is normal, then K[P] is normal.
Now, our contribution to the study on reflexive polytopes is the following.
Theorem 0.1. Given arbitrary integers d and r with d ≥ 4 and 1 ≤ r ≤ d + 1, there
exists a reflexive polytope P ⊂Rd of dimension d with depthK[P] = r for which its dual
polytope P∨ is normal.
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Furthermore, we yield to the temptation to present the following.
Question 0.2. Given arbitrary integers d, q and r with d ≥ 4 and 1≤ q≤ r ≤ d+1, does
there exist a reflexive polytope P ⊂ Rd of dimension d for which depthK[P] = q and
depthK[P∨] = r ?
The question is already open for d = 4 and could be resolved in that dimension by
computing the depth of all 4.108 reflexive polytopes of that dimension.
A brief outline of the present paper is as follows. First, a non-normal very ample re-
flexive polytope of dimension 4 will be discovered (Example 1.1) and we will construct
a non-normal very ample reflexive polytope for arbitrary dimension (Corollary 1.2). As a
result, it follows that a reflexive polytope P ⊂ Rd of dimension d with depthK[P] = 1
exists if d ≥ 4 (Corollary 1.4). In Section 2, for a proof of Theorem 0.1, we give indis-
pensable examples (Example 2.1) by computational experiments. Finally, in Section 3,
based on the computational results, a proof of Theorem 0.1 will be given. In order to prove
Theorem 0.1, we will focus on well-known higher-dimensional construction of reflexive
polytopes, which is called bipyramid construction. It is known that the bipyramid of a re-
flexive polytopeP is normal if and only ifP is normal. In the present paper, we will also
determine when the bipyramid of a reflexive polytope is very ample (Proposition 3.2). In
addition, we can prove a similar result for lattice pyramid construction (Proposition 3.3).
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1. NON-NORMAL VERY AMPLE REFLEXIVE POLYTOPES
We say that a lattice polytope P ⊂ Rd is very ample ([4]) if for N ≫ 0 and for each
a ∈ NP ∩Zd , there exist a1, . . . ,aN ∈ P ∩Z
d with a = a1 + · · ·+ aN . Clearly every
normal polytope is very ample.
Lemma 1.1. The reflexive polytope P ⊂ R4 of dimension 4 which is the convex hull of
the column vectors of 

0 1 0 0 1 0 1 1 −1
0 0 1 0 0 1 1 1 −1
0 0 0 1 1 1 4 5 −3
1 1 1 1 1 1 1 1 −2


is non-normal very ample.
Proof. The equations of the supporting hyperplanes which define the facets of P are
x4 = 1, −3x1+ x4 = 1, −3x2+ x4 = 1,
−x3+ x4 = 1, 4x1+4x2− x3−3x4 = 1, 3x1−2x4 = 1,
3x2−2x4 = 1, −4x1+ x3 = 1, −4x2+ x3 = 1.
Hence P∨ is a lattice polytope. Thus P is reflexive.
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One can easily see that P ∩Z4 coincides with the set of column vectors of

0 1 0 0 1 0 1 1 −1 0 0 0
0 0 1 0 0 1 1 1 −1 0 0 0
0 0 0 1 1 1 4 5 −3 0 1 −1
1 1 1 1 1 1 1 1 −2 0 0 0

 .
Since
(1,1,3,2) =
7(0,0,0,1)+3(1,0,0,1)+3(0,1,0,1)+5(1,1,4,1)+2(1,1,5,1)
10
,
it follows that (1,1,3,2) belongs to 2P ∩Z4. However, (1,1,3,2) cannot be written as
the sum of two column vectors of the above matrix. Thus P cannot be normal.
We now claim P is very ample. Let F0,F1, . . . ,F8 denote the facets of P , where
F0 is the facet arising from the supporting hyperplane with the equation x4 = 1. Let
Pi = conv(Fi∪{0}) for 0 ≤ i ≤ 8. One has NP ∩Z
4 =
⋃
0≤i≤8NPi∩Z
4. Let N ≥ 3
and a ∈ Z4 belong to NP ∩Z4. A routine work says that each of P1, . . . ,P8 is normal.
Hence, if a ∈
⋃
1≤i≤8NPi∩Z
4, then there exist a1, . . . ,aN ∈P ∩Z
d with a = a1+ · · ·+
aN . Let a ∈ NP0 ∩Z
4. Since NP0 ∩Z
4 =
⋃
0≤k≤N kF0∩Z
4, there is 1 ≤ k ≤ N with
a ∈ kF0∩Z
4. Now, it is shown [9] that, for 3 ≤ k ≤ N, there exist a1, . . . ,ak ∈F0∩Z
4
with a = a1+ · · ·+ak and that, for k = 2 with a 6= (1,1,3,2), there exist a1,a2 ∈F0∩Z
4
with a = a1+a2. Since 0 ∈P , it follows that, if a 6= (1,1,3,2), there exist a1, . . . ,aN ∈
P0∩Z
d with a = a1+ · · ·+aN . Finally,
(1,1,3,2) = (1,1,4,1)+(0,0,0,1)+(0,0,−1,0)+0+ · · ·+0︸ ︷︷ ︸
N−3
.
As a result, for each N ≥ 3 and for each a ∈ NP ∩Zd , there exist a1, . . . ,aN ∈P ∩Z
d
with a = a1+ · · ·+aN . Thus P is very ample, as desired. 
Corollary 1.2. A non-normal very ample reflexive polytopeP ⊂Rd of dimension d exists
if d ≥ 4.
Proof. Let P ⊂ R4 denote the lattice polytope of Lemma 1.1. We claim
Q = P× [−1,1]d−4 ⊂ Rd
is a non-normal very ample reflexive polytope of dimension d. Let V ⊂ Zd be the set of
vertices of the dual polytope P∨. Then the set of vertices of Q∨ is
{(a,0, . . . ,0) ∈ Rd : a ∈V }∪{±e5, . . . ,±ed},
where e1, . . . ,ed are the canonical unit coordinate vectors of R
d . In particular Q∨ is a
lattice polytope. Hence Q ⊂ Rd is a reflexive polytope of dimension d.
Now, given an integer N > 0, one has
NQ∩Zd = {(a,a5, . . . ,ad) ∈ Z
d : a ∈ NP ∩Z4,−N ≤ a5, . . . ,ad ≤ N }.
It then follows that a′ = (a,x5, . . . ,xd) ∈ NQ ∩Z
d is the sum of N points belonging to
Q∩Zd if and only if a ∈ NP ∩Z4 is the sum of N points belonging to P ∩Z4. As a
result, since P ⊂ R4 is very ample, so is Q ⊂ Rd , as required. 
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A crucial fact of the toric ring of a non-normal very ample polytope is
Lemma 1.3 ([10, Theorem 5.2]). Let P ⊂ Rd be a lattice polytope of dimension d satis-
fying the condition
(1.1) Zd+1 = ∑
a∈P∩Zd
Z(a,1).
If P ⊂ Rd is a non-normal very ample polytope, then depthK[P] = 1.
Corollary 1.4. A reflexive polytope P ⊂ Rd of dimension d with depthK[P] = 1 exists
if d ≥ 4.
2. THE DEPTH OF A REFLEXIVE POLYTOPE OF DIMENSION 4
In this section, for a proof of Theorem 0.1, we give indispensable examples of reflexive
polytope of dimension 4. According to the following steps, we compute the depth of
reflexive polytopes of dimension 4 by using existing software programs:
(Step 1) Take a reflexive polytope P of dimension 4 in the list [12];
(Step 2) Determine the normality of P by using Normaliz [3];
(Step 3) If P is not normal, compute the depth of K[P] by using Macaulay2 [5];
(Step 4) If K[P] is Cohen-Macaulay, i.e., depthK[P] = 5, then determine the normality
of the dual polytope P∨ by using Normaliz again.
In general, computing the depth of a ring is hard. In fact, in Step 3, the computation
often stops before completing to compute the depth of K[P]. In the case, we restarted
Step 1 for other reflexive polytope of dimension 4.
First, we tried to compute the depth of all reflexive simplices of dimension 4. However,
for several reflexive simplices, the program could not compute the depth and aborted its
computation. This happened for example for the 176th reflexive simplex of dimension
4 in the list [12], whose normalized volumes is 225. In general, for a lattice polytope
with large volume or with many lattice points, the toric ring is complicated. From these
reasons we randomly took a reflexive polytope with 5,6,7,8 or 9 vertice in the list [12] and
computed the depth of its toric ring, and we continued these processes until we obtained
the following three reflexive polytopes of dimension 4 described in Example 2.1.
Example 2.1. (a) The reflexive polytope P1 ⊂ R
4 of dimension 4 which is the convex
hull of the column vectors of

1 0 0 0 0 1 1 −2 −3
0 1 0 0 −1 0 −1 −1 −1
0 0 1 0 −1 1 −1 0 0
0 0 0 1 0 0 0 −1 −1


satisfies depthK[P1] = 2. On the other hand, the dual polytope P
∨
1 is normal.
(b) The reflexive polytope P2 ⊂ R
4 of dimension 4 which is the convex hull of the
column vectors of 

1 0 0 0 −3 3
0 1 0 0 −2 −1
0 0 1 0 0 −3
0 0 0 1 0 −1


4
satisfies depthK[P2] = 3. On the other hand, the dual polytope P
∨
2 is normal.
(c) The reflexive polytope P3 ⊂ R
4 of dimension 4 which is the convex hull of the
column vectors of 

1 0 0 0 −1 −2
0 1 0 0 −1 −1
0 0 1 0 −1 2
0 0 0 1 0 −2


satisfies depthK[P3] = 4. On the other hand, the dual polytope P
∨
3 is normal.
3. PROOF OF THEOREM 0.1
In this section, we give a proof of Theorem 0.1. Recall that, in general, the bipyramid
of a convex polytope P ⊂ Rd is the convex polytope bipyr(P) ⊂ Rd+1 which is the
convex hull of
{(a,0) ∈ Rd+1 : a ∈P }∪{(0, . . . ,0,1),(0, . . . ,0,−1)} ⊂ Rd+1.
Lemma 3.1. Let P ⊂Rd be a reflexive polytope of dimension d. Then bipyr(P)⊂Rd+1
is a reflexive polytope of dimension d+1 with
depthK[bipyr(P)] = depthK[P]+1.(3.1)
Proof. If V ⊂ Zd is the set of vertices of the dual polytope P∨, then that of (bipyr(P))∨
is {(a,±1) ∈ Rd+1 : a ∈ V }. In particular (bipyr(P))∨ is a lattice polytope. Hence
bipyr(P)⊂ Rd+1 is a reflexive polytope of dimension d+1. Furthermore, since
K[bipyr(P)]∼= (K[P])[y,z ]/(yz− s2),
the required formula (3.1) follows. 
The bipyramid bipyr(P) of a reflexive polytope P ⊂ Rd of dimension d is normal if
and only if P is normal. However, Lemma 3.1 says that the bipyramid of a non-normal
very ample reflexive polytope cannot be very ample. In fact,
Proposition 3.2. Let P ⊂ Rd be a reflexive polytope of dimension d. Then the following
conditions are equivalent:
(i) P is normal;
(ii) bipyr(P) is normal;
(iii) bipyr(P) is very ample.
Proof. One has (i)⇔ (ii)⇒ (iii). Suppose that bipyr(P) is very ample. Then bipyr(P)
satisfies the condition (1.1). Lemma 3.1 says that depthK[bipyr(P)]> 1. It then follows
from Lemma 1.3 that bipyr(P) must be normal. Hence (iii)⇒ (ii) follows. 
Recall that the lattice pyramid of a lattice polytope P ⊂ Rd is the convex polytope
pyr(P) which is the convex hull of
{(a,0) ∈ Rd+1 : a ∈P }∪{(0, . . . ,0,1)} ⊂ Rd+1.
By the same proof of Proposition 3.2, we can show the following.
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Proposition 3.3. Let P ⊂ Rd be a lattice polytope of dimension d. Then the following
conditions are equivalent:
(i) P is normal;
(ii) pyr(P) is normal;
(iii) pyr(P) is very ample.
Before proving Theorem 0.1, we show the following lemma.
Lemma 3.4. Let P ⊂ Rd be a reflexive polytope of dimension d and suppose that its
dual polytope P∨ ⊂ Rd is normal. Then each of the dual polytopes (P× [−1,1])∨ and
(bipyr(P))∨ is normal.
Proof. One has (P × [−1,1])∨ = bipyr(P∨) and (bipyr(P))∨ = P∨× [−1,1]. Thus
the desired result follows immediately. 
We are now in the position to give a proof of Theorem 0.1.
Proof of Theorem 0.1. Let d = 4. It follows from a routine computation that the dual
polytope of the reflexive polytope of Lemma 1.1 as well as the dual polytope of each
of the reflexive polytopes (a), (b) and (c) of Example 2.1 is normal. Corollary 1.4 with
d = 4 together with Example 2.1 then guarantees the existence of a reflexive polytope
P ⊂ R4 of dimension 4 with depthK[P] = r for which P∨ is normal, where 1≤ r ≤ 4.
Furthermore, the cube C4 = [−1,1]
4 ⊂ R4 is a reflexive polytope of dimension 4 with
depthK[C4] = 5 andC
∨
4 is normal. Thus a proof for d = 4 is done.
Let d ≥ 5. The proof of Corollary 1.2 together with Lemma 3.4 yields a non-normal
very ample reflexive polytope P ⊂ Rd of dimension d for which P∨ is normal and
depthK[P] = 1 (Corollary 1.4). Now, suppose that, for each 1 ≤ r ≤ d, there is a re-
flexive polytope P ⊂ Rd−1 of dimension d− 1 with depthK[P] = r for which P∨ is
normal. Lemma 3.1 together with Lemma 3.4 then yields a reflexive polytopeP ⊂Rd of
dimension d with depthK[P] = r for each 2≤ r ≤ d+1 for which P∨ is normal. This
completes a proof of Theorem 0.1. 
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